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H ' Abstract 

C3 • 

We study two standard multi-unit auction formats for allocating multiple units of a single 
good to multi-demand bidders. The first one is the Discriminatory Price Auction, which 
charges every winner his winning bids. The second is the Uniform Price Auction, which 
determines a uniform price to be paid per unit. Variants of both formats find applications 
£-H | ranging from allocation of state debt bonds to investors, to online sales over the internet, 

■ facilitated by popular online brokers. 

For these multi-unit auction formats, we consider two bidding interfaces: (i) standard 
• bidding, which is most prevalent in the scientific literature, and (ii) uniform bidding, which 

'— is the most widely used interface in practical applications. In this work, we evaluate the eco- 
nomic inefficiency of both multi-unit auction formats for both bidding interfaces, by means 
| of upper and lower bounds on the Price of Anarchy for pure equilibria and mixed Bayes-Nash 

V^Q ■ equilibria. Our developments improve significantly upon bounds that have been obtained 

recently in [Markakis, Telelis, SAGT 2012] and [Syrgkanis and Tardos, ACM STOC 2013]. 
Moreover, we consider for the first time bidders with general and subadditive valuation 
. ' functions for these auction formats. 

m : 
o ■ 

1 Introduction 

We study standard multi-unit auction formats for allocating multiple units of a single good to 
^ | multi-demand bidders. Multi-unit auctions are one of the most widespread and popular tools 

for selling identical units of a good with a single auction process. They have been in use for 
a long time by the U.S. and U.K. Treasuries for the allocation of bonds to investors. In the 
more recent years, they are implemented by various online brokers [191 111]. Multi-unit auctions 
have been a subject of study ever since the seminal work of Vickrey [23] (although the need for 
such a market enabler was conceived even earlier, by Friedman, in [8]) and the success of these 
formats has led to a resurgence of interest in auction design. 

In practice, there are three simple Standard Multi-Unit Auction formats that have prevailed 
and are being implemented; these share a common allocation rule and bidding interface and have 
seen extensive study in auction theory [121 H7j. These are the Discriminatory Price Auction, 
the Uniform Price Auction and the Vickrey Multi-Unit Auction. Each of these formats asks 
each bidder to issue a sequence of non- increasing marginal bids (encoding a submodular curve) , 
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Valuation Functions 


Format 
^bidding: standard 

Uniform Price Auction Discrimi 


uniform^ 

natory Price Auction 


Submodular 
Subadditive 


3.1462 — e — 

e — 1 

4 6.2924 2 6 

e- 1 



Table 1: Upper bounds on the economic inefficiency of multi-unit auctions. 



one for each additional unit. For an auction of k units, the k highest marginal bids win, and 
each grants its issuing bidder a single unit. The three formats differ in the way that payments 
are determined for the winning bidders. The Discriminatory Price Auction prescribes that each 
bidder pays the sum of his winning bids. The Uniform Price Auction charges the lowest winning 
or highest losing marginal bid per allocated unit. The Vickrey auction charges according to an 
instance of the Clarke payment rule (thus being a generalization of the well known single-item 
Second-Price auction). 

Among these auctions, only the Vickrey auction is truthful and efficient. The others are 
known to suffer from a Demand Reduction effect [1], whereby bidders understate their value 
for some units so as to receive less at a better price. This effect is amplified when bidders 
have valuation functions that are not submodular; as already stated, the bidding interface asks 
bidders to issue a submodular bid vector within which they are forced to encode their value. 
Even worse, in several practical occasions, it is impractical for the bidders to issue a marginal 
bid for each additional unit; such situations may arise when the number of items on sale or the 
demands are large (e.g., in the allocation of debt bonds to investors). Thus, simpler formats, 
asking for a uniform bid per unit, along with upper and lower bounds on the number of units 
desired are also being used in practice. In such a setting, each bidder is required to compress 
his valuation function into a bid that scales linearly with the number of units, so that he issues 
only the "slope" and the interval within which his demand lies. The allocation rule remains 
the same in these simpler uniform bidding formats and, as in the standard format, we can have 
either discriminatory or uniform pricing on the units. 

Despite the volume of research from the economics community |18t [IJ [20l H], the per- 
formance of these auction formats has been quantified only recently in [15, 22J, where upper 
bounds on the Price of Anarchy were provided for pure and Bayes-Nash equilibria. Here we 
undertake the task of providing tighter upper bounds on the Price of Anarchy, with respect to 
their economic efficiency. We consider especially the Uniform Price Auction and the Discrimi- 
natory Price Auction, along with their uniform bidding variants, for bidders with submodular 
and subadditive valuation functions. 

Contribution. Our main results concern improved inefficiency bounds for the Uniform Price 
Auctions and Discriminatory Price Auctions, under both the standard and uniform bidding 
interfaces, for bidders with submodular and subadditive valuation functions. Our results are 
summarized in Table Q] and signify that these auctions are nearly efficient; this, paired with 
their simplicity, justifies their popularity. Particularly for the class of subadditive valuation 
functions, our bounds constitute the first quantification of the auctions' performance, to the 
best of our knowledge. 

The main focus throughout the paper is on Bayes-Nash equilibria. However, we begin in 
Section [3] with a discussion on the properties of pure Nash equilibria for both auction formats 
under the standard and the uniform bidding interfaces. Subsequently, in Section [5l we move 
to Bayes-Nash equilibria, for bidders with submodular and subadditive valuation functions. 
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For submodular valuation functions, we derive Price of Anarchy upper bounds of and 
3.1462 < for Discriminatory Price Auctions and Uniform Price Auctions respectively. 

These improve upon the previously best known bounds of [22] and 4— | [16] respectively. For 
subadditive valuation functions, we obtain upper bounds of ^ and 6.2924 < Our bounds 
hold for both the standard and uniform bidding formats. Especially for subadditive valuation 
functions under the standard bidding interface, we obtain improved bounds of respectively 2 
and 4, by adapting a recent technique developed by [7]. We conclude Section [5] by showing that 
the bound of for discriminatory pricing is tight with respect to the proof technique that 
we use. Also, we give a lower bound of almost 2 for uniform pricing and subadditive valuation 
functions. In Section [6] we discuss further applications of our developments, in connection to 
the smoothness framework recently presented by [22J. 

2 Related Work 

The design of mechanisms for auctioning multiple units of a single good to multi-demand bidders 
dates back to the seminal work of [23] and the work of [SJ. Since then a significant volume of 
research has been dedicated to identifying the properties of the three standard multi-unit auction 
formats |18l l6irTjl2 m l4"]. Comparison between Discriminatory Price Auctions and Uniform Price 
Auctions has been carried out by Binmore, in [3]. 

The multi-unit auction formats that we examine here present technical and conceptual 
resemblance to the Simultaneous Auctions format that has received significant attention re- 
cently [SJ [21 [101 [23] . Simultaneous auctions were first studied by Christodoulou, Kovacs and 
Schapira [5]; the authors proposed that each of a collection of distinct goods is sold in a distinct 
Second-Price auction, simultaneously and independently of the other goods. Bidders in this set- 
ting may have combinatorial valuation functions over the subsets of goods, but they are forced 
to bid separately for each good. For bidders with fractionally subadditive valuation functions, 
they proved a tight upper bound of 2 on the mixed Bayesian Price of Anarchy of the Simulta- 
neous Second-Price Auction. They also devised an efficient algorithm for computing pure Nash 
equilibria for submodular bidders, and an iterative best response algorithm that converges to 
pure Nash equilibrium for fractionally subadditive bidders. Bhawalkar and Roughgarden [2] ex- 
tended the study of inefficiency for subadditive bidders and showed an upper bound of 0(log m) 
which was recently reduced to 4 by Feldman et al. [7J. For arbitrary valuation functions, Fu, 
Kleinberg and Lavi [9] proved an upper bound of 2 on the inefficiency of pure Nash equilibria, 
when they exist. 

Hassidim et al. |10] studied Simultaneous First Price Auctions. They showed pure Nash equi- 
libria in this format are always efficient, when they exist. They proved constant upper bounds 
on the inefficiency of pure Nash equilibria for (fractionally) subadditive valuation functions and 
O(logm) and 0{m) for the inefficiency of mixed Bayes-Nash equilibria for subadditive and arbi- 
trary valuation functions. Syrgkanis showed in |14] showed that this format has Bayesian Price 
of Anarchy ^-j- for fractionally subadditive valuation functions; Feldman et al. [7] proved an up- 
per bound of 2 for subadditive ones. Recently, Syrgkanis and Tardos [23] and Roughgarden [21] 
independently developed extensions of the smoothness technique for games of incomplete infor- 
mation. In [22], these ideas are further developed for analyzing the inefficiency of simultaneous 
and sequential compositions of simple auction mechanisms. They demonstrate extensive appli- 
cations of their techniques, on welfare analysis of standard multi-unit auction formats and their 
compositions. For submodular valuation functions, they prove inefficiency upper bounds of 
and ^tj- respectively, for Uniform Price Auctions and Discriminatory Price Auctions. Here, we 
improve upon these results. 
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3 Definitions and Notation 



We consider auctioning k units of a single item to a set of n bidders, [n]|j indexed by i = 
l,...,n. Every bidder i € [n] has a non-negative non-decreasing private valuation function 
Vi : ({0} U [k]) h-> K + over the quantity of units he receives, where Vi(0) = 0. We denote by v 
the valuation function profile of bidders, v = (vi, . . . , v n ). We consider in particular (symmetric) 
submodular and subadditive functions: 

Definition 1 A valuation function f : ({0} U [k]) >— > K + is called: 

• submodular iff for every x < y, f(x) — f(x — 1) > f(y) — f(y — 1). 

• subadditive iff for every x,y, f(x + y) < f(x) + f(y). 

The class of submodular valuation functions is strictly contained in the class of subadditive 
ones |13j . For any non- negative non-decreasing function / : ({0} U [k]) *-> K + and any integers 
x, y 6 [k], x < y, the following are known to hold: 

If / is submodular, then f(x)/x > f(y)/y. (1) 
If / is subadditive, then f(x)/x > f(y)/(x + y). (2) 

A valuation function can also be specified by a vector nij = (mj(l), rrii(k)) of the 
marginal values mi(j) = Vi{j) — Vi(j — 1) of bidder i, for each additional unit in his allocation 
(if Vi is submodular, mj(j) > rrii(j + 1)). 

Standard multi-unit auctions. The standard format of these auctions, as described in 
auction theory \\.2\ 117] . prescribes that each bidder i 6 [n] submits a vector of k non-negative 
non-increasing marginal bids hi = (6«(1), . . . , bi{k)) with &i(l) > ... > bi{k). We will often 
shorten this terminology and refer to these as simply bids. In a simplified version of the standard 
format, which we call uniform bidding format, each bidder submits only a single bid bi along with 
a quantity qi, with qi < k. A bid bj = (bi,qi) means that bidder i is willing to pay at most bi per 
unit, for up to % units. This corresponds to the uniform bidding vector bj = (pi, ...,6j,0, ...,0) 
in the standard bidding format. 

Under the allocation rule of standard multi-unit auction formats, each of the k highest 
(marginal) bids grants its issuing bidder a distinct unit. What differentiates the various auction 
formats is the pricing rule. Let Xj(b) be the number of units won by bidder i, under bidding 
profile b = (bi, . . . ,b n ). We will focus on the following two pricing rules: 

(I) Discriminatory Pricing. Every bidder pays his winning bids. Formally, the utility of i under 
the Discriminatory Pricing rule is: 

Xi(h) 

uf(b) = v i (x i (b))-Y / bi(j), 

i=i 

The Discriminatory Price Auction, thus, generalizes the single-item First-Price auction. 

(II) Uniform Pricing. Each bidder pays the same price for every unit, which equals the highest 
losing bid. If p(h) denotes the uniform price, the utility of i is: 

uf(h)= Vi (Xi(b))-Xi(b)p(b), 

For a bidding profile b = (bi, . . . , b n ), the produced allocation, x(b) = (xi(b), X2(b), . . . , x n (h)) 
has a social welfare equal to the bidders' total value: 

n 

fiW(v,b) = 5^« i (x i (b)) 
i=i 

1 For a G N, we write [a] to denote {6 G N : 1 < b < a}. 
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The (pure) Price of Anarchy is the worst case ratio, over all pure Nash equilibrium profiles b, 
of the optimal social welfare over SW(v,b). In our analysis we will often use the "operator" 
/3j(b), to denote the j'-th lowest winning bid in profile b; i.e., /3i(b) < /32(b) < • • • < /3fe(b). 

Incomplete Information. Under the incomplete information model of Harsanyi, every bidder 
i G [n] obtains his valuation function from a finite set Vi of valuation functions, through a 
discrete probability distribution 7Tj : Vi — > [0, 1] , independently of the rest of the biddders; 
Vi ~ 7Tj signifies that any particular Vi is drawn randomly from Vi distribution 7r.;. The valuation 
function of every bidder is private. A valuation profile v = (vi, . . . , v n ) G V = Xj g r-iV; is drawn 
from a publicly known distribution ir : V — > [0, 1]. We write accordingly v ~ tt. We assume that 
7r is the product distribution of wi, . . . ,ir n , i.e., vr(v) i-4 IlieM 7r ( v i)- 

Every bidder i knows his own valuation function Vj - drawn from Vi according to TT{, but 
does not know the valuation function drawn by any other bidder i' ^ i. Bidder i may only 
use his knowledge of tt to estimate v_«. Given the publicly known distribution n, the (possibly 
mixed) strategy of every bidder is a function of his own valuation Vj, denoted by £?j(vj). Bi 
maps a valuation function Vj G Vi to a distribution -Bi(vj) = B^, over all possible bid vectors 
(strategies) for i. In this case we will write bj ~ , for any particular bid vector bj drawn from 
this distribution. We also use the notation B^ 1 , to refer to the vector of randomized strategies 
of bidders other than i, under valuation profile v_j. A Bayes-Nash equilibrium (BNE) is a 
strategy profile B = {B\, . . . , B n ) such that for every bidder i and for every valuation Vj, i?j(vj) 
maximizes the utility of i in expectation, over the distribution of the other bidders' valuations 
w_j given Vj and over the distribution of i's own and the other bidders' strategies, B( Vi,w-i ). 
That is, for every pure strategy Cj of i: 

E w_.lv, K l (b)] >E w _ iK K^b-;)] 

where E v and E w _.| v . denote expectation over the distribution n and over 7r(-|vj) respectively, 
i.e., given Vj (instead of E^,,- and E w _ i -, 7r (-.i t ,.), since the analysis is always in the context of ir 
and 7Tj). 

Fix a valuation profile v G V and consider a (mixed) bidding configuration B v , under v. The 
Social Welfare SW(v,B v ) under B v when the valuations are v is defined as the expectation 
over the bidding profiles chosen by the bidders from their randomized strategies: 



SW(y, B v ) = E b ^ B v 



^2vi(xi(b)) 



The expected Social Welfare in Bayes-Nash equilibrium B v is then E v ^„-[,SW(v, B v )]. The 
socially optimum assignment under valuation profile v G V will be denoted by x v . The expected 
optimum social welfare is then E v [SW(v, x v )]. Under these definitions, we will be studying the 
Bayesian Price of Anarchy, i.e., the worst case ratio E v [SW(v, x v )]/E v [SW(v, B v )] over all 
possible product distributions tt and Bayes-Nash equilibria B for ir. 

Remark 1 (I) As in previous related work J21 ^jj, we can ensure existence of Bayes-Nash 
equilibria in the auction formats that we study, if we assume that bidders have bounded 
and finite strategy spaces, that emerge e.g. after some discretization. To this end, our 
bounds on the auctions' Bayesian Price of Anarchy concern essentially such sufficiently 
fine discrete approximations, of our setting with continuous strategy spaces. For a relevant 
detailed discussion we refer the reader to [1 J (Appendix D). 

(II) For analyzing the inefficiency of the Uniform Price Auction, we need to use a no- 
overbidding assumption similarly to previous related works; i.e., to assume that bidders 
never outbid their value for any number of units that they bid on. For both auction formats, 
we study equilibrium profiles wherein bidders do not overbid their value for the number of 
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units they actually receive; however, in a Discriminatory Price Auction, we do not need 
to restrict the bidders' strategies with no- overbidding. 



4 Pure Nash Equilibria 

In this section we discuss the properties of pure Nash equilibria of the two multi-unit auction 
formats, under both the standard and uniform bidding interfaces. The proofs of some statements 
herein are deferred to Appendix A. 

4.1 Uniform Pricing 

Pure Nash equilibria of the Uniform Price Auction have been analyzed recently in [15]. It 
is well known that a socially optimum allocation can always be implemented as a pure Nash 
equilibrium of this auction. Moreoever, by its loose association to the Vickrey Second-Price 
Auction, the Uniform Price Auction retains certain properties in undominated strategies, for 
bidders with submodular valuation functions. In particular, for any j € [k] , it is always a 
weakly dominated strategy for any bidder i to issue a marginal bid 6j(j) > m,i(j). Moreoever, 
issuing bi(l) ^ Vi(l) is also weakly dominated. Markakis and Telelis [15] showed that pure 
Nash equilibria of the Uniform Price Auction in undominated strategies have inefficiency -§r. 
When the Uniform Price Auction is deployed under a uniform bidding interface, similar results 
can be expected, with respect to the inefficiency of (no-overbidding) pure Nash equilibria. In 
particular: 

Lemma 1 For every pure Nash equilibrium b in undominated strategies, of the Uniform Price 
Auction with submodular bidders, there exists a pure Nash equilibrium b of the auction with 
uniform bidding, such that SW(h) = SW(b). Moreover, for arbitrary valuation functions, 
every no- overbidding pure Nash equilibrium of the auction with uniform bidding is also a pure 
Nash equilibrium of the auction under standard bidding, subject to no-overbidding deviations. 

Proof. We may assume that b has the form prescribed by Proposition 2 in [TS]; i.e., for every 
winning bidder i, = mj(j), if j < Xi and 6j(j) = for j > Xj. For every losing bidder, 
hi = (m,(l),0, ... ,0). Then, the uniform price p(b) is equal to TOj(l) = Vi(l) for some i, or 0. 
We convert b into a uniform bidding profile b = (&j, <&) as follows: set hi = i>i(xj(b))/xj(b) and 
qi = Xi(h) if Xj(b) > 1; and otherwise set hi = mj(l) and <& = 1. Then, observe that p(h) = p(h). 
Because for every winning bidder i under b, we have bi(xi(h)) = mj(xj(b)) > p(h), it is also 
h > p(h) = p(b). Thus, Xj(b) = Xj(b) for all i and SW(h) = SW(h); moreover, b is a pure 
Nash equilibrium, because b is one, and the uniform price remains unchanged. 

Let b be a no-overbidding pure Nash equilibrium of the Uniform Price Auction under uniform 
bidding, for arbitrary valuation functions. We argue that it remains a pure Nash equilibrium 
under the standard bidding. If any losing bidder i has incentive to deviate using a no- overbidding 
standard bid bj, so as to win at least one additional unit, he may do so also by using a uniform 
bid (6j(l),l), a contradiction. If a winning bidder has an incentive to deviate under b using 
a no- overbidding standard bid bj, having qi non-zero components (marginal bids), then he 
may as well do so with a uniform bid {Ylj<q i ^ ) i(j)/Qij ( li}'i indeed, because bj is submodular, 
^2j< q . bi(j)/li > bi(qi). Thus, the assumed uniform bid should grant i at least as many units 
as bj. 



Corollary 1 The Price of Anarchy for pure Nash equilibria of the Uniform Price Auction with 



From the above result and Theorem 2 of 




, we obtain the following: 
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The lower bound follows directly from [15J (Theorem 2). The upper bound also follows from 
the upper bounding proof given in |15j (Theorem 1); it can be easily adapted to yield an upper 
bound of ^Tj- for all no-overbidding pure Nash equilibria. An improved bound of 3.1462, we 
obtain through our analysis in Section [5j Finally, it is straightforward to show that overbidding 
under the uniform bidding interface, for any number of units, is a weakly dominated strategy 
(similarly to the proofs used in [E]). This is a weaker property than the one for the standard 
bidding interface; the latter prescribes no-overbidding of even marginal values. 

For wider valuation function classes than submodular, we do not know whether the Uni- 
form Price Auction generally has pure Nash equilibria. To the best of our knowledge, and as 
mentioned by Milgrom in [T7], the standard multi-unit auction formats have not been studied 
before, for any larger class of valuation functions. In Section T5. 31 we give upper bounds of 4 and 

on the Price of Anarchy of Bayes-Nash equilibria for subadditive valuation functions, under 
the standard and uniform bidding interfaces respectively. By Lemma [1] however, the former 
bound of 4 is valid also for uniform bidding, in the case of pure Nash equilibria. 

Corollary 2 The Price of Anarchy of pure Nash equilibria of the Uniform Price Auction with 
subadditive bidders under the standard or the uniform bidding interface is at least 2 and at most 
4. 

The upper bound of this corollary follows by Lemma Q] and by Theorem [31 discussed below in 
Section [5j The lower bound is shown explicitly in Section 15.41 

4.2 Discriminatory Pricing 

The Discriminatory Price Auction, as a generalization of the First-Price Auction, is not guar- 
anteed to possess pure Nash equilibria; their existence depends heavily on the choice of a 
tie-breaking rule, as is often the case for games where players have a continuum of strategies. 
For example, consider the first-price auction where the valuation of bidder 1 is 1, the valuation 
of bidder 2 is e < 1, and the tie-breaking rule always favors bidder 2. Obviously there can be 
no equilibrium where bidder 2 bids above 1. Furthermore, if bidder 2 bids some value 8 < 1, 
then bidder 1 does not have a best response in (<5, 1); no matter what he bids to win the unit, 
he always has an incentive to lower his bid while still being above 5. Hence there is no Nash 
equilibrium for this auction. We exhibit here that, as with first-price auctions, an appropriate 
choice of a tie-breaking rule induces a uniform bidding profile that is a pure Nash equilibrium 
for the auction, even subject to deviations under the standard bidding interface. Additionally, 
we show that we can always obtain close approximations to pure Nash equilibria, i.e., pure 
e-equilibria, for every possible tie breaking rule. 

Proposition 1 

(i) For every Discriminatory Price Auction there is a tie-breaking rule inducing a uniform 
bidding profile that is a pure Nash equilibrium under that tie-breaking rule. 

(ii) For every e > 0, the Discriminatory Price Auction has a pure e- equilibrium. 

We show next that, whenever pure Nash equilibria exist, they are socially optimal, even 
with arbitrary valuation functions. 

Theorem 1 Pure Nash equilibria of Discriminatory Price Auctions (with the standard or the 
uniform bidding interface ) are always efficient, even for bidders with arbitrary valuation func- 
tions. 
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The proof of Theorem[T]is based on the following Lemma, which captures the main properties 
of pure Nash equilibria. Notice that, the first in the Lemma below, essentially states that every 
pure Nash equilibrium of the auction occurs at a uniform bidding profile. Thus, the theorem is 
also valid for the uniform bidding interface. 

Lemma 2 Let b be a pure Nash equilibrium in a given Discriminatory Price Auction where 
the bidders have general valuation functions. Let d = max{6j(j) : i G [n],j G > Xi(h)}. 

Then: 

(i) For any bidder i who wins at least one item under h, and for all j € [xj(b)], bi{j) = d, 

(H) id < Y^ X j=x\ h )-£+l m i(j) f° r al1 i e M> and t € [ x i0°)]> 

(Hi) Ej=x^+i m i(j) - ^ f or al1 i e \ n \> and £ G l k - 

Proof of Theorem [TJ Let b* be a bid vector that attains the optimum social welfare. 
Denote by A the set of bidders that get more items under b than under b*. For a bidder 

i £ A, define l{ as the number of extra items that i gets under b, when compared to b*; i.e., 

ii = Xi(h) — Xi(b*). Denote by B the set of bidders that get more items under b* than under b. 
For a bidder i € B, define ii as the number of extra items that i gets under b*, when compared 
to b; i.e., ii = £j(b*) - Xj(b). Then, 

n n n Ai(b) *i(b*) 

^2vi(xi(b)) -^2vi{xi{b*)) = E E - E m ^ 

i=l i=l i=l \ j=l j=l 

Xi(h) Xi(b)+£i 

= E E ™*c?)-E E ^(i)>E^-E^ = - 

ieA j=xi(b)-ii+l i&B j=x l (b)+l i&A ieB 

The inequality in the derivation above follows from points (ii) and (Hi) of LemmaO and the 
final equality holds because Yli&A ^* = ^2ieB ^i- Thus, the social welfare of the pure equilibrium 
b is optimal. □ 



5 Bayes-Nash Inefficiency 

This section is devoted to bounding the inefficiency of (mixed) Bayes-Nash equilibria both for 
Discriminatory Price and Uniform Price Auctions. We study bidders with submodular and 
subadditive valuation functions. As also noted by Milgrom in [17], there has been no previous 
study of the standard multi-unit auction formats for subadditive valuation functions. The main 
result of this section is as follows: 

Theorem 2 The Bayesian Price of Anarchy (under the standard or uniform bidding format) 
is at most 

(i) -§y and for Disrciminatory Price Auctions with submodular and subadditive valuation 
functions, respectively, 

(ii) |Ty_i(-l/e 2 )| rj 3.1462 < ^- and 2\W- 1 (-l/e 2 )\ rj 6.2924 < ^ for Uniform Price 
Auctions with submodular and subadditive valuation functions, respectively, where W-\ 
denotes the lower branch of the Lambert W function. 
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This result improves on the currently best known bounds of -^j and -^r, respectively, 
for Discriminatory Price Auctions and Uniform Price Auctions that have very recently been 
obtained by Syrgkanis and Tardos [22]. Syrgkanis and Tardos derive these bounds through an 
adaptation of the smoothness framework for games with incomplete information ( |2H 123] ) to 
auction mechanisms. The bounds of Theorem [2] can also be obtained through this framework. 
We comment in more detail on the connections to the smoothness framework and its additional 
consequences in Section [6j 

However, for subadditive valuation functions and the standard bidding format better bounds 
than the ones stated above can be obtained by adapting a technique recently introduced by 
Feldman et al. [7J: 

Theorem 3 The Bayesian Price of Anarchy is at most 2 and 4 for Discriminatory Price and 
Uniform Price Auctions, respectively, with subadditive valuation functions under the standard 
bidding format. 

We were unable to derive such bounds via a smoothness argument and believe that this is 
due to the additional flexibility provided by the approach of [7j. We comment further on this 
in Section [7J 



5.1 Proof Template for Bayesian Price of Anarchy 

In order to present all our bounds in a self-contained and unified manner, we make use of a 
proof template which is formalized in Theorem [J] below. Variants of this theorem have been 
used in several previous works (e.g., [5| [2] [T5]). 

Theorem 4 Let V be a class of valuation functions. Suppose that for every valuation profile 
v E V n , for every bidder i £ [n], and for every distribution V-i over bidding profiles b_j ; there 
is a bidding profile b' such that the following inequality holds for some A > and [i > 0: 



-V-i 



U : 



X>(b- 



j'=i 



(3) 



Then the Bayesian Price of Anarchy is at most 

(i) max{l,/x}/A for Discriminatory Price Auctions, 

(ii) (fi + 1)/A for Uniform Price Auctions. 

The proof of Theorem 2] is given in Appendix B. Note that in this theorem no assumptions 
are made regarding the bidding format. In particular, proving a bound for the uniform bidding 
interface requires that we exhibit a uniform bidding strategy b^ for each bidder i and for any 
distribution V-i of uniform bidding profiles b_j. 

At the end of this section, we provide a family of instances that show that the bound stated 
for Discriminatory Price Auctions in Theorem [2] is essentially best possible if one sticks to the 
proof template of Theorem HJ 



5.2 Key Lemma and Proof of Theorem [2] 

The following is our key lemma to prove Theorem [2] It applies to any multi-unit auction with 
a pricing rule that charges at most as much as the discriminatory pricing rule. More formally, 
let -Pj(b) denote the total payment of bidder i under bidding profile b. We call a pricing rule 
discriminatory price dominated if for every bidder i and every bidding profile b it holds that 
p i( h ) < Ejl^ b iU)- Note that the uniform pricing rule is discriminatory price dominated. 
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Lemma 3 (Key Lemma) Let v be a valuation profile and suppose that the pricing rule is 
discriminatory price dominated. Define Tj = arg mixing feyi Vi(j)/j for every i € [n]. Then for 
every bidder i 6 [n] and every bidding profile b_j £/iere exists a random uniform bidding profile 
b ■ suc/i that for every a > 

E[«J r «(bJ,b_ 4 )] > a fl- -U) -a£>(b_,). (4) 

Proof. Define 5 = (1 — e _1//a ) and let c, be the vector that is ^(t^/tj on the first entries, 
and is everywhere else. Let k* be the number of items that bidder i would win under profile 
(i?Cj,b_j), i.e., the number of items won by i, when i would deviate to bid vector Bc{. For 
j € [k*] U {0}, let jj refer to the infimum value in [0,B] such that bidder i would win j items 
if he would deviate to bid vector TjCj. Note that this definition is equivalent to defining 7^ as 
the least value in [0, B] that satisfies 7j = /3j(b—j). Let t be a random variable drawn from 
[0, B] with probability density function f(t) = ct/(l — t). Define the random deviation b^ of 
bidder i as = iCj. Note that h[ is always a uniform bid vector. 

Let Xj(b^, b_j) be the random variable that denotes the number of units allocated to bidder 
i under (b£, b_j). It always holds that Xj(b^,b_j) < k* < xj, because bidder i bids = 
for all j = xj + 1, . . . , k. More precisely, we have 



Xi(b-,b_£ 



j if t G (7j, 7 j+ i] for j = 0, . . . , k* - 1 
k* iftE(7fc.,-B]. 



By assumption, the payment of bidder i under profile (bj,b_i) is at most txiih'^ b_j)t>j(rj)/Tj. 
Also note that, by definition of 75, it holds that ^i(j) > jv^r^jri for j < x^. Using these two 
facts, we can bound the expected utility of bidder i as follows: 



E[<*(bJ,b_i)] = E E t<'( b " b -) I * G (7i,7i+i]]P(i G (7i,T*+iD 
i=o 



> e p +i -*)/(*)*+ [ b k* v -^(i-t)f(t) d t 

„_1 ■/'Y-i T * •/'Yi.* ^ 



o 



= 1 •'Tj 1 ■ / 7ft* 

-,•=1 Tl J-Yj T% hk* 



k* — l 

E-Vi{Ti) , . , *^( T *)/ R \ 
J (7i+i - 7i) + (-B - Ik*) 

3=1 

= aB k -_-a^7i-— 

Tl 3=1 Tl 

= a Bk*^^- -aJ^Pjfr-i) > aBxf-^- - a^^(b_<). 

Ti 7"j 

The last inequality holds because Bvi{ji)/ri < /3j(b_j), for fc* + 1 < j < xj, by the definition 
of k*. The above derivation implies (|3J). 
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5.3 Upper Bounds 



We can now use our Key Lemma to prove our first main result. Note that the deviation 
defined in Lemma[3]is uniform. That is, the lemma applies to both the standard and the uniform 
bidding format. Observe also that the deviation b- satisfies the no-overbidding assumption. 
Proof, [of Theorem [2] Assume first that all bidders have submodular valuation functions. In 
this case, we combine Lemma [3] with the fact that for submodular valuation functions we have 
Tj = xj for every i £ [n]. Thus, we conclude that Theorem H] holds for (A, /i) = (a (l — e _1//a ) , a) 
when a > and V is the set of submodular valuation functions. The stated bounds are obtained 
by choosing a = 1 for the Discriminatory Price Auction, and a = — l/(W_i(— 1/e 2 ) + 2) 0.87 
for the Uniform Price Auction. 

Now consider the case of subadditive valuation functions. We show that in ([3]) we can bound 

v v i( T i) > Vi(xJ) 

i n ~ 2 

Therefore, Theorem 2] holds for (A,/i) = (§ (l — e -1 / Q ) , a) when a > and V is the set of 
subadditive valuation functions. The bounds stated in Theorem [2] are obtained by the same 
values of a as for the case of submodular valuation functions. 

Recall that Tj = argminjguyi Vi(j)/j. Thus, it suffices to show that Vi(ji)jTi > Vi(xJ)/(2xJ). 
By subadditivity, we have 



— 2 - ' - 



2 V X„- Ti j Ti 



where in the first case (xj — Tj < Tj) we used monotonicity, i.e., Vi(xJ — Ti) < Vifa) and in the 
second case (xj - n > n) we used ©, i.e., > S^^j = " <(a! J~ r<) . 

Next, let us consider the case of subadditive valuation functions under the standard bidding 
interface. We derive improved bounds of 2 and 4 for Discriminatory Price and Uniform Price 
Auctions, respectively, under this format. In order to prove these bounds, we adapt an approach 
that has very recently been developed by Feldman et al. [7J. Basically, we establish a result that 
is analogous to our Key Lemma (Lemma [3|), but this time exploit that the bidding profiles h i 
are drawn from a distribution "P-%. Using this, we can show that inequality ([3]) of Theorem 2] 
holds (on expectation) for the values of A and stated below. 

Lemma 4 Let V be the class of subadditive valuation functions. For every v G V n , for every 
bidder i G [n], for every distribution V—{ of bidding profiles b_.; adhering the standard bidding 
format, there exists 

(i) a bidding profile bj satisfying with A = 1/2 and ji = 1 under discriminatory pricing, 

(ii) a no-overbidding bidding profile bj satisfying with A = 1/2 and fj, = 1 under uniform 
pricing. 



The proof of this lemma is similar to the one given in [7] to bound the Price of Anarchy 
for simultaneous First-Price and Second-Price Auctions with subadditive valuations, and is 
deferred to Appendix C. Theorem [3] then simply follows from an application of Theorem H] in 
combination with Lemma [H 
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5.4 Lower Bounds 



Markakis and Telelis [15] establish an (asymptotic) lower bound of -^-y for Uniform Price Auc- 
tions with submodular valuation functions. Thus, there seems to be still room for improvement 
of our upper bound by a factor of (strictly) less than 2. To the best of our knowledge, no lower 
bound is known for the Discriminatory Price Auction, although the effect of Demand Reduction 
(which is responsible for welfare loss in this format) has been observed previously [T| 112] . 

In light of this, we prove here an impossibility result for the Discriminatory Price Auction: no 
better bound on the Price of Anarchy than — §j can be obtained through the usage of Theorem 01 
More precisely, we exhibit a family of instances that show that any bound on the Price of 
Anarchy that is better than cannot be obtained by lower bounding ]T\ ¥,[uj' (b^, b_$)] in 
terms of XSW(v,x v ) — l^^2j PjQ 3 ) f° r an arbitrary distribution T> of b. In particular, these 
instances rule out the possibility to derive better bounds through the smoothness framework by 
Syrgkanis and Tardos |22j as well as the approach by Feldman et al. [7\. Basically, this result 
tells us that any improvement on the Price of Anarchy must therefore either exploit properties 
of the structure that distribution T> has (given that T> is a Bayes-Nash equilibrium), or use a 
completely different approach altogether. 

Proposition 2 Fix k 6 N arbitrarily. There exists an instance of the Discriminatory Price 
Auction with n = 2 bidders, submodular valuation functions v, and bidding vectors b such that 
for every possible deviation b^ of bidder i = 1,2 it holds that 

2 k 

£ i^Cbj, b_o < (i - - + Ui - 1) ) sw(v, x v ) - £ ft(b). 
i=i ^ \ / / j =1 

Proof. Let the valuation functions be defined as v\(j) = j and W2O) = for every j € [k\. 
Then xj = k and x\ = and the optimal social welfare is £W(v,x v ) = k. Define the bid 
vector bi of bidder 1 to be the zero vector and the bid vector b2 of bidder 2 as 



e[k~^j+l) ifl<i<*(l-£)+l, 
if j > fc(l-£) +1. 



We assume that the tie-breaking rule of the auction is defined so that it always assigns a unit 
to bidder 1 when there is a tie. Due to the tie breaking rule, if bidder 2 bids b2, then there is 
a j between 1 and k (l — ^) + 1 such that bidder 1 maximizes his utility when he sets all his 
bids equal to b% (j). Let b' x = 62(^)1 for some j in this range. We have 



^(b;, b_ 2 ) = - j + 1) - (k - j + l)b 2 (j) 



1=1 e=i t=i 



fr /•fc(i-i)+i / 7. \ e/ ' JL 

l-i)+Ml)-]Tft( b ) 



( 1 -; + K 1 -;)) OT C' ,, )-E*' b i' 



Note that for bidder 2 we have ti2 2 (b 2 ,b_i) < for every bid vector h' 2 . The claim follows. 
In Appendix D we also present a lower bounding example using discretization, that is valid 
for the single-item First-Price Auction. Next, we present an asymptotic lower bound of 2 for 
the Uniform Price Auction, which is valid also for pure Nash equilibria and for uniform bidding. 
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Proposition 3 The Uniform Price Auction fork units and no- overbidding subadditive bidders, 
has Price of Anarchy at least . 

Proof. Take n = k bidders with the following valuation functions: for any x > 1, V2(x) = 
1/k, Vi(x) = e for i > 3, and v\(x) = 1 for 1 < x < k — 1 and v\(k) = 2. The socially 
optimum assignment grants k units to bidder 1 and has value 2. Consider the equilibrium 
bi = (1,0, ...,0), D2 = (r,0, ...,0) and bj = (e, 0, ...,0) for i > 3. Every bidder obtains 
1 unit under b and the uniform price is 0. This is a pure Nash equilibrium because bidders 
i > 2 do not have any no-overbidding deviation to obtain additional units and no bidder has 
an incentive to drop their won unit. Bidder 1 may deviate to win all units, e.g., by bidding 
k'l = (f~p • • > I~L) fc^l): ne wm P a y a uniform price r for each of the k units, thus not 
improving upon his utility of 1 under b. The social welfare of b is 1 + -r + (k — 2) ■ e which tends 
to £±± as e -> 0. □ 



6 Smoothness and its Implications 

In this section, we elaborate on the connections of our results to the smoothness framework for 
auction mechanisms, which has very recently been developed by Syrgkanis and Tardos [22J. We 
first review their smoothness definitions (adapted to our multi-unit auction setting) and then 
discuss the additional results that we can obtain through their framework. 

As introduced earlier, let -Pj(b) refer to the payment of bidder i under bidding profile b. 

Definition 2 (Smooth Mechanism |22j) A mechanism A4 is (A, //)-smooth for A > and 
M > if f or an V valuation profile v and for any bidding profile b there exists a randomized 
bidding profile h[ = b^(v,bj) for each bidder i such that 

]T E[<'(bj,b_0] > ASW(v,x v ) - M P *( b )" 

i£[n] ie[n] 

Syrgkanis and Tardos |22] show that if a mechanism is (A, /i)-smooth, then several results 
follow automatically. One such result concerns upper bounds on the Price of Anarchy. Another 
result is that the smoothness property is retained under simultaneous and sequential compo- 
sitions. In these compositions there are m mechanisms with separate allocation and payment 
rules. Every bidder specifies for each mechanism a bidding profile. In the simultaneous compo- 
sition, these bidding profiles are submitted simultaneously; while in the sequential composition, 
they are submitted sequentially. A bidder expresses his valuation for the m-tuples of outcomes 
of the mechanisms in a restricted wayH We state informally the Price of Anarchy results and 
main composition results in the theorem below. 

Theorem 5 (Theorems 4.2, 4.3, 5.1, and 5.2 in |22j) If M is a simultaneous (respecti- 
vely, sequential) composition of m (A, fi) -smooth mechanisms, then A4 is (A, //)- smooth (re- 
spectively, (X, n + 1)- smooth). Let M be a mechanism or composition of mechanisms that is 
(A, n) -smooth. Then the correlated (respectively, mixed Bayesian) Price of Anarchy is at most 
maxjlj/uj/A (for independent distributions Hi). 

We prove that Discriminatory Price Auctions are smooth according to Definition [2j 

Proposition 4 Discriminatory Price Auctions are (A, //)- smooth (both in the standard and 
uniform bidding format) with 

2 Precisely: in the simultaneous composition, it is assumed that the valuation function of each bidder is 
fractionally subadditive across the m mechanisms (see 22 for formal definitions). In the sequential composition, 
the valuation function of each bidder is defined as the maximum of his valuations over these mechanisms. 
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(i) A = a (1 - e" 1 /") and /i = a /or submodular valuation functions, and 

(ii) A = f (1 - e" 1 /") and /j, = a for subadditive valuation functions, for every a > 0. 

As a consequence, we can import all results mentioned in Theorem [5] for Discriminatory 
Price Auctions. The best bounds are achieved for a = 1. 
Proof, [of Proposition H] Note that for these auctions we have 

xi(b) fc 
I6[n] iG[n] 3=1 3=1 

Note that Lemma [3] holds for every bidder i € [n] with A and \x as stated above (see also the 
proof of Theorem [2]) . By invoking Lemma and summing inequality @ over all bidders we 
obtain 

x v . 

E E[«y*(bJ,b_i)] > A ^ Vi «) - A*E X>( b -) ^ AW(v,x v ) - /i£/3,(b), 

ie[n] ie[n] «G[n] 3=1 3=1 

where the last inequality holds because for every bidder i, /3j(b_j) < /3j(b) for every j = 1, . . . , k, 
and Siefn] x «(b) = k and /3j(b) is non-decreasing in j. 

For auction mechanisms where one needs to impose a no-overbidding assumption, a different 
smoothness notion is introduced in [22]. Given a mechanism .M, define bidder i's willingness- 
to-pay as the maximum payment he could ever pay conditional to being allocated x units, 
i.e., 

Bi(hi,x) = max -Pj(b). 

b_ i :a: i (b)=a: 

Definition 3 (Weakly Smooth Mechanism |22j) ^4 mechanism A4 is weakly (A, /Ui,/^)- 
smooth for A > and fJ>i,fi2 > if for any valuation profile v and /or any bidding profile b 
i/iere exists a randomized bidding profile b- = b-(v,bj) /or eac/i bidder i such that 

£ E[i£*(b<,b_i)] > ASW(v,x v ) - mi P<(b) -/x 2 ^(bi.XiCb)) 

iS[n] ie[n] iG[n] 

Syrgkanis and Tardos [22J show that bounds on the Price of Anarchy can be derived through 
weak smoothness. 

Theorem 6 (Theorem 7.4 in |22j) Let M. be a mechanism that is weakly (A, /xi, ^smooth 
and satisfies the no- overbidding assumption. Then the correlated (respectively, mixed Bayesian) 
Price of Anarchy is at most {1x2 + max{l, ^i})/A (for independent distributions Hi). 

We next argue that Uniform Price Auctions are weakly smooth: 

Proposition 5 Uniform Price Auctions are weakly (A, fj,\, ^2) -smooth (both in the standard and 
uniform bidding format) with 

(i) A = a (l — e -1// °), fi± = and ^2 = ot for submodular valuation functions, and 

(ii) A = t| (l — e -1 / Q ), //i = and 112 = a for subadditive valuation functions, for every 
a > 0. 
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As a consequence, we obtain the results stated in Theorem for Uniform Price Auctions. 
The best bounds are achieved for a = -l/(IU_i(-l/e 2 ) + 2) ss 0.87. There are some additional 
results on mechanisms with budgets (see |22j) that we can infer from Proposition \5\ for Uniform 
Price Auctions. We defer further details to the full version of the paper. 

The following transformation will be helpful in the poof of Proposition [5j Let b be an 
arbitrary bidding profile. We derive a uniform bidding profile b from b as follows: Let Cj = 
&i(xi(b)) be the last winning bid of bidder i £ [to]; for ease of notation, we adopt the convention 
that bi(0) = 0. Define bj as the vector that is q on the first Xj(b) entries and zero everywhere 
else. Clearly, b is a uniform bidding profile. 

Lemma 5 Let b be the uniform bidding profile derived from b. Then for Uniform Price Auc- 
tions, the following holds for every bidder i € [to] : 

(i) Xi(b) = Xi(h); 

(ii) Bi(bi,Xi(b)) = Bi(bi,Xi(b)). 

Proof. Let j3\ and /3q refer to the smallest winning bid and largest losing bid under bidding 
profile b, respectively. Note that every winning bid under b is at least (3\ and can only increase 
under b. Also, every losing bid under b is at most /3o under b. We conclude that a bid is 
winning under b if and only if it is winning under b, which proves (i). 

Recall that Bt(bi,Xi(b)) = Xj(b)6j(xj(b)). Now, using (i) and the definition of bj, we obtain: 
Bi(bi,Xi(b)) = Xi(b)bi(xi(b)) = Xj(b)&i(xj(b)) = Xi(b)bi(xi(b)) = #i(bj, Xj(b)), which shows 
(ii). 

We can now prove Proposition [5j 
Proof, [of Proposition [5] We first prove weak smoothness for the uniform bidding format and 
then extend this result to the standard bidding format via a coupling argument. 

It is not hard to verify that for Uniform Price Auctions we have Bj(bj, x) = xbi(x). As 
before, exploiting Lemma [3] and summing inequality (jlj) over all bidders we obtain 

k 

E[<*(bJ,b_i)] > ASIU(v,x v ) - /xj>(b). 

ie[n] j=l 

If b is a uniform bidding profile then the claim follows because 

k 

£>(b) = ]T x^bMxiib)) = Biib^x^b)). (5) 

3=1 ie[n] i£[n] 

Note that for the standard bidding format, the first equality would be false because we can 
only infer that f3j{b) > ^ Xj(b)6j(xj(b)). However, the following work-around establishes 
weak smoothness for Uniform Price Auctions and the standard bidding format. 

Note that in general -Pj(b) ^ Pi{b) because all losing bids in b are zero. However, the above 
two properties turn out to be sufficient to prove weak smoothness in the standard bidding for- 
mat: Let b be the uniform bidding profile that we obtain from b as described above. Applying 
Lemma [3] to the uniform bidding profile b and pricing rule -Pj(b) = -Bj(b) (which is discrimina- 
tory price dominated), we conclude that for every bidder i £ [to] there exists a random uniform 
bidding profile b^ such that 

EkOciCbJ.b-O) -^(b^O^b-i))] > Xvi(xJ) -/^/3,(b_;). (6) 

3=1 

Note that by Lemma [5] 

m, b_<) = Viixifb'i, b_<)) - Pifb'i, b_,) > v^m, b_i)) - Bi(b>, Xi (b' t , b_i)) 
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Uj(xi(b-,b_i 



))-£ i (bJ )iCi (b< ) b_ i )). 



(7) 



By summing inequality ([6|) over all bidders and exploiting (J7J), we thus obtain 



k 



^E[<^,b_ 4 )]>ASiy(v,x v ) 



M^^-(b) = A51^(v,x v )-^ B f (bi,Xi(b)) 



i£[n] 




= A,W(v,x v ) 



£t -^(bi^iO)) 



where the first equality follows from ([5]) because b is a uniform bidding profile and the second 
equality holds because of Lemma [5j 

7 Conclusions 

In this paper, we derived improved bounds on the Bayesian Price of Anarchy for Discrim- 
inatory Price and Uniform Price Auctions. It is remarkable that most of these bounds were 
derived through one technical Key Lemma (Lemma|3|. Our Key Lemma also establishes (weak) 
smoothness of these auctions, as defined in [22], which enabled us to import additional results 
on simultaneous and sequential compositions using their framework. 

It is interesting to note, however, that in order to derive the best bounds of 2 and 4 on the 
Bayesian Price of Anarchy for Discriminatory Price and Uniform Price Auctions, respectively, 
for subadditive valuations under the standard bidding format, we had to resort to a recent 
technique from [7j . While the smoothness condition basically requires that inequality ([3]) holds 
for every bidder i and every deterministic bidding profile b_j, the requirement in Theorem 2] 
is weaker in the sense that one may exploit the distribution V— % of bidding profiles b j. This 
turned out to be crucial in the proof of Lemma [H We feel that the additional flexibility of the 
latter approach in designing the deviating bidding profile is the key to derive the improved 
bounds. We leave it as an open question whether this additional strength of Theorem [5] can be 
proven formally. 
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APPENDIX A: Ommitted Proofs from Section H 

Proof of Proposition [1] (jij). Let rh be the nfc-dimensional vector obtained by appending all 
vectors rcij,i G [n], and let m be the vector obtained by non- increasingly ordering m. We show 
that the set of bid vectors b where every bidder sets all his marginal bids to rh{k) is a pure 
equilibrium, if ties are broken according to any tie-breaking rule that satisfies mj(xj(b)) > rh{k). 

Assume without loss of generality that there are at least 2 players. Let b be the bidding 
profile where all players bid m(k) on all items, and break ties in any way that satisfies that 
rrii(xi(h)) > fh(k). To see why this is a pure equilibrium, consider the player deviating to bid 
vector b^. Note that b^ — b, is non-increasing. Define £ as the lowest index such that (bj — b-)(^) 
is negative (and define £ as k + 1 if there is no such index). In case £ < Xj(b), then the utility of 
player i will certainly not increase by deviating to b-, as he will lose utility from the fact that 
Xi(h) — i less items are now allocated to him under (h' i} b_»), compared to b. As player i used 
to derive non-negative utility from these items under b, this removal of items accounts for a 
non-negative decrease in utility. Moreover, player % increases his bid on his first I items, so this 
accounts for a non-negative decrease in utility as well. His total utility will therefore decrease 
in this case. 

In case £ > Xj-(b), we are in a situation where player i increases his bids (under b-, compared 
to bj) on some of the first Xj(b) items by at least 0, so he will win these items under (b-, b_j) 
but spend more money on it, leading to a decrease in utility. On any remaining items that 
player i wins under (b-,b_j), he overbids. This also accounts for a non-negative decrease in 
utility. The total decrease in utility is thus non-negative in this case. □ 

Proof of Proposition [TJ (jnj). Let b* be a social welfare maximizing bidding profile. Consider 
the uniform bidding profile b as defined in Proposition [1] @[]). Let (£i)iejv be a set of vectors 
that indicate the optimal allocation (xj(b*))j g jv, i.e., £j is the (0, l)-vector of which the first 
Xi(h*) entries are 1, and the remaining entries are 0. We show that b = b + e^/k is a pure 
e-equilibrium. The reasoning we apply is largely analogous to the proof of Proposition [T] (JTJ) - 

First of all, observe that there are no ties that need to be broken under b, and that the 
allocation (:Ej(b)j g jv satisfies mj(xj(b)) > m(k). 

Consider the player deviating to bid vector b^. If player i wins less items under (b-,b_j) 
than under b, he will experience an increase in utility of at most (xi(h) — Xi(h'))e/k due to 
losing items, because the utility that player i derived under b' from each of these lost items was 
at least —e/k. On the remaining items that player i still wins, the player increases his bid by at 
least —e/k, and this accounts for an increase in utility of at most Xi(h')e/k. The total increase 
in utility is thus at most Xi(h')e/k < e. 

If player i wins at least as much items under (b',b_j) than under b, the player will have 
increased his bids on the first Xj(b) items by at least —e/k, and by at least on the remaining 
items. For these remaining items, the player experiences non-positive utility under (b^,b_j), 
whereas he experienced utility under b. Therefore, the total increase in utility is in this case 
at most X{(h)e/k < e. 

Proof of Lemma [21 Let c be the smallest value in {bi(j) : i G [n],j £ [k],j < Xj(b)}, i.e., the 
smallest winning marginal bid. Observe that c = d: Otherwise, a player i that bids 6j(xj(b)) = c 
could change 5j(xj(b)) to a lower bid in order to obtain more utility. For the same reasons, we 
conclude that any winning marginal bid is equal to the largest marginal bid that is smaller 
than bi{j). It follows inductively that all winning marginal bids are equal to d. This establishes 
point (1) of the claim. 
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Suppose that for some i G [n] and i G [xj(b)], it holds that Id = Y^j=x (h)-e+l ^0) > 

Yl^=x (b)-t+i m i(j)' Then if player i changes all marginal bids bi(j) for j £ {j : f < j} to 0, 
he would increase his utility. This is not possible since b is a pure equilibrium, so we conclude 
that for all i G [n] and £ G [^(b)], it holds that Ej£?(b)-/+i ^ Ej=Sb)-*+l This 
establishes point (2) of the claim. 

Note that there is no i G [n] and ^ G [/c — Xj(b)] such that Ej=£ (b)+l > Otherwise, 

if player i would change his marginal bids bi(j),j G {j : 1 < j < Xj(b) + f } to d + e for 
some e > 0, then player i's utility increases by Ej=^(b)+i m i0) ~~ ^(^ + e ) — a; j(t>)e. Because 

m i{j) ~ is positive, this total increase is positive when we take for e a sufficiently 
small value. This is in contradiction with the fact that b is a pure equilibrium, and this 
establishes point (3) of the claim. □ 

APPENDIX B: Proof of Theorem H 



For any particular bidder i G [n] let U l C V denote the subset of valuation profiles v G V where 
x v (i) > 1, i.e., U l = {v G V|x v (i) > 1}; these are the profiles under which i is a "socially 
optimum winner" . Accordingly, we let W v denote the subset of "socially optimum winners" in 
valuation profile v G V. 

Consider a Bayes-Nash equilibrium B. Fix any valuation profile v = (vj,v_j) G V and a 
bidder i G [n]. Assume that bidder i deviates according to a bidding vector b- satisfying Q, 



taking V- 
obtain 



B v 



7r_j. Taking expectation over all valuation profiles w_j G V-j, we 



E. 



E, 



<^(b;,b. 



E 



> Xvi(xJ) - //E w _.| 

> Xvi(xJ) - /iE w E b ^B v 



b_^B w -' 

1 —l 



i=i 



E^ b ) 



where the last inequality holds because /3j(b_j) < /3j(b) for every j = 1, . . . , k and by the inde- 
pendence of TTi, i.e., E w _ 7r ( w -tl l 'i) = 1 = E w 7r ( w )- Because B is a Bayes-Nash equilibrium, 
bidder i does not have an incentive to deviate and thus 



E 



W_j|Vj 



E 



b~B (v i' W -«) 



< ! (b) 



> E- 



W_ 4 |Vi 



E, 



We conclude that 



E 



W_i|Vi 



E 



b~B^> W -< ) 



<<(b) 



E 



b~B w 



E^'(b) 



Taking expectation of both sides over the distribution of v G U l and summing over all 
bidders we obtain 



E 



b~B 



E 



b~B w 



iG[n] vGW 

> E E *( v ) • A ^«) = E^ v ) E x < x ^) = ae v [w(v,x v )]. 

ie[n]vew* v iew v 



E^'(b) 

3=1 
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By standard manipulations, the latter simplifies to 



E v 











Eb~B w 




ie[n] 









i£[n]i=l 



> AE v [,W(v,x v )]. 



Note that X J = k an( ^ that /3j(b) is non-decreasing in j. We can therefore bound 



ie[n]j=l j=l 



and obtain 
E v 













k 




Eb~B v 


E< l (b) 

ie[n] 




+ /uE w 


Eb~B w 


X>(b) 

_J =1 





> AE v [W(v,x v )]. (8) 



Note that for the discriminatory pricing rule the total payments under b are equal to 



EliA(b). Thus © yields 



E v [Eb~B v [SW(y, b)]] + (fj, - 1)E V 



E 



b~B v 



E&( b ) 

3=1 



> AE v [W(v,x v )]. 



If /x < 1, the first statement of the theorem holds. If /x > 1, then we exploit that the total 
payments satisfy Ej=i/%(b) < Sie[n] u «( x «(b)) = SW(v, b) because players never overbid!! 
Dividing both sides by ^ > proves the first statement of the theorem in this case. 

For the uniform pricing rule we use that Ylj=i Pjfo) — E»e[n] v i( x iO- 3 )) = <SW(v, b) because 
of the no-overbidding assumption and that X)ieM ^(b) < SieW u i( x «(b)) = SW(v 3 b). Thus 
© yields 

(/j + 1)E V [Eb^ B v [fiW(v,b)]] > AE v [SW(v,x v )]. 
Dividing both sides by [i + 1 > proves the second statement of the theorem. 



APPENDIX C: Proof of Lemma H 
Discriminatory Pricing 

We consider first the discriminatory pricing rule. We shall re-use certain arguments from the 
proof for this case, in the proof for uniform pricing. Fix any bidder i and let bj be a bidding 
vector, conforming to the requirement of non-increasing marginal bids and having only its first 
x components equal to a non-zero value. Given any bidding profile b_,: 



u^(bj,b„j) > Vi[Xi(hi,h 



j<x 

because i may pay at most Y^j<k^iU) = Ylj< x biti)' by the definition of b, and the auction's 
payment rule. Taking expectation over the distribution V of h i we have: 



^(bjjb-j) 



Xj(bi,b_ 



E^i 



(9) 



3<x 



3 In order to derive the claimed bound for the case fi > 1 we need to exploit the no-overbidding assumption 
mentioned in Section [3] for Discriminatory Price Auctions as well. However, all our bounds derived in this paper 
exploit only that /i < 1 and thus hold even without this assumption. 
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From this point on we analyze the right-hand side of (0). Given the distribution V of b j, 
let V denote the distribution of the k highest bids in b_j, /3i(b_j) < • • • < /3fc(b_j); to simplify 
notation, in the sequel we use simply /3j, j = 1, . . . , k, without a reference to b_j. For every 
fixed bid vector of bidder i, the expected utility of i when the other bidders bid according to V, 
is equal to the expected utility of bidder i in the two-bidders auction, where the other bidder 
bids according to V. We can thus assume that i competes only against /3 ~ V, containing f3j, 
j = 1, . . . , k. For notational purposes below, we shall also use 7 to denote a vector drawn from 
V. 

We consider what happens when % responds to V (i.e., T>, in the two-bidders auction), by 
bidding a bj = /3, that he constructs as follows: he samples a vector (3 from T> and zeroes-out 
the k — x highest values in j3. Subsequently, he adds to all components of the "truncated" vector 
a sufficiently small e. This latter modification we shall omit in our analysis below, to simplify 
its exposition. It serves the purpose of avoiding ties with the opposing bids; the analysis is valid 
when this e becomes vanishingly small. Let T> denote the distribution of such bj. Continuing 
from ([9]), the expected utility of i over bj ~ T> is: 



E 



E 



b_,:~7> 



uf (bj,b_ 



> E 



E- 



E 



Ui(xj(/3,b_j) ) - E& 

j<x 




Vi[xi(/3,-f) 



E 



E 

7~D 



E& 

j<x 



■yj^Xj(bj,b_j) 



E 6 *0') 

j<x 



E 

7~D 



E& 

jXz 



(10) 



«i Uj(/3,7) +^j Xj(7,/3) 



E 

/3~X> 



Eft 



> -E 



7 ~X> 



Uj(x) 



E 



/3-D 



E& 

j<x 



-Vi(x) - E h _^ v 



E^( b -) 



:n) 



where (fTOjl is due to the fact that X^Xas^tO') = J2j<x@j = J2j<xPji by construction of /3 and 
because bj has its components (taken from /3) in non-increasing order. The last inequality, 
in (fTT|) . holds by subadditivity of Vi, particularly, because £j(/3, 7) + Xj(7, /3) > x (when ties are 
always resolved in favor of i). □ 

Uniform Pricing 

Fix any bidder i and let bj be a bidding vector with non-zero value for each of the first x 
components and zero value for the rest. Notice that, given any bidding profile b_j: 



ti^(bj,b_j) = Vi\Xi(hi,h. 

> Uj(xj(bj,b_ 



-Xj(bj,b_j) -p(bj,b_j) 

-EMi) 

3<x 

where p(bj, b_j) is the uniform price that i will pay under the profile (bj, b_j). This price cannot 
be more than the sum of the winning bids, ^2j<x bi(j); this justifies the inequality above. Taking 
expectation over the distribution V of b j we have: 
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(12) 



L J j<x 

Our analysis from this point on will focus on identifying an appropriate bid bj for bidder 
i, that satisfies also no- overbidding. Subsequently, we shall return to process (|12p further. As 
previously, given the distribution V of b_j, we define the distribution T> of the k highest bids 
in b-i, /3i(b_j) < • • • < /^(b-j); we use simply /3j, j = 1, . . . , k, without a reference to b j. 
Each of these is a potential uniform price that i might need to pay, depending on his own bid 
bj. Moreover, we can assume that i competes against a bid vector /3, containing only the bids 
(3j, j = 1, . . . , k, and need not bother with any smaller bids. Fix any such vector f3 from the 
support of V and let Tp C [x] be a maximal subset of indices, such that: X^jeT^ ft > 
Let Tp = [x] \ Tp. Then, we claim that: Yljef Pi — v i(\Tp\)- Indeed, if there exists R C Tp 
with YljeR^j > w i(l-^l)> then, by subadditivity of t>j and monotonicity: 



Vi (\RUTp\) < Vi(\R\) + Vi (\Tp\) < 



E 

ieR 



ft + E Pi 

i£T 



E ft 

ieRuTp 



which contradicts the maximality of Tp. Next, define "D to be a distribution of bidding vectors 
similar to T>, differing from it as follows. For every vector f5 in the support of T> that occurs 
with a certain probability, a vector (3 exists in the support of V, that occurs with the same 
probability and is made from f3 according to the following rules: 

1 . Identify a subset of indices Tp for (3 and let Tp = [x] \ Tp . 

2. (3 contains all bids of (3 except for {(3j\j € Tp}; it contains a zero for each bid therein. 

As in the previous proof for the Discriminatory Price Auction, a further modification that we 
shall omit in our analysis is that: i adds a sufficiently small e to each of the components of the 
resulting vector. This serves the purpose of breaking ties in favor of i, as before. Sampling a 
vector from T> is equivalent to sampling a vector (3 from T> and constructing (3 as prescribed 
(using "~" over a {3 will correspond to this processing). For any (3 ~ T> and for any arbitrary 
bid bj, we observe that Xj(bj,^) < ^(bj, 0) + \Tp\. Thus, v^x^bi, 0)) < Vi(xi(bi, (3)) + Vi(\Tp\), 
by subadditivity and monotonicity of Vi. Using Yjj< x Pi ~ ^jefp Pi = ^j&T g Pi - ^([^Dj we 
obtain: 



Thus: 



Vi[xi(bi,l3) 



^ Pj > Vi(xi(bi,(3) 
i&Tp 



Vi[xi{bi,j3) 



Eft 

i£Tp 



> E 



■p~T> 



- E ft ( 13 ) 

i<i<a; 

vi^xifbijfj - ft ( 14 ) 

i<i<x 



Now consider bj being drawn from the distribution T>. Notice that, by their construction, all 
the bid vectors in the support of V satisfy no-overbidding. We take expectation of the left-hand 
side of (|14p over bj ~ T>: 
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''/ 1 Xi(bi,j)j - Y jj 
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7~£> 
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7 ~X> 
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(15) 
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Accordingly, we take expectation of the right-hand side of (|14p over T>, to obtain: 



E 

b;~X> 



vAxi(hi^) 



l<j<x 



E 

/3-D 
7~D 



fi(xi(/3,7) 



E 



E a 



(16) 



Finally, we take expectation of (|12j) over ~ T>, to obtain: 
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b_ 4 ~P 



^(b;,b_ 



> E 

b_i~P 



E 



VilXi 



By (HID, (USD, (USD and (JT3J) we derive: 
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bi~D 
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> E 
7 ~r> 
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7~X> 



^(xi(/3,7) 
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/3~£> 



E ft 
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(17) 



(18) 



The lower bounding by i>i(x)/2 of the first term of the right-hand side of this expression is done 
as previously, for the Discriminatory Price Auction, in derivations (|10p through (|lip and the 
result follows. □ 



Appendix D: An example of a lower bound 

Consider an instance with 2 bidders and 1 unit. Suppose that there is no uncertainty for the 
first bidder and his valuation is v% = 1. For the second bidder, the distribution on his two 
possible valuation profiles is: 




i?2i = 0.667 with probability a 
i?22 = 0.333 with probability 1 — a 



We use as a tie-breaking rule that ties are always resolved in favor of player 1. We also 
assume that the bidding space is discretized so that all bids should be multiples of e. We can 
make e as small as we want but it should be some fixed number > 0. For this example, we will 
assume that e = 0.001 and that a = 0.0014 (we will do the analysis parametrically though). 

We claim that the following profile is a pure Bayes-Nash equilibrium: Player 1 plays the 
profile b\(v%) = 0.333. As for player 2 his strategy is 

b 2 {v2i) = (0.333 + e),b 2 (v 2 2) = 0.333 

The idea behind the example is that because a is very small, player 1 realizes that most 
of the times, he can win the item by bidding no more than 1/3. What happens then is that 
with some very small probability, player 2 wins the item and we end up with an inefficient 
assignment. 

Let us first see why this is a Bayes-Nash equilibrium. We start by computing the expected 
utilities of the two players for each valuation profile: 

E[it^(b)] = (1 - a)(l - 0.333) = 0.667(1 - a) 



23 



E[^ 21 (b)] = 0.667 - (0.333 + e) = 0.334 - e 

%r(b)] = o 

It is easy to see that player 2 does not have an incentive to deviate regardless of his actual 
valuation. When he is of type V21, there is no incentive for him to drop his won item, and there 
is also no way to pay a lower price given the bid of player 1. When he is of type V22 then he 
has no incentive to win the unit since it will cost too much for him. 

We now check that player 1 also does not have an incentive to deviate. Note first of all that 
player 1 will never have an incentive to bid higher than 0.333 + e, given the bid of player 2 and 
the tie-breaking rule we use. Hence there are only 2 possible deviations to consider: first, if he 
decides to bid lower than his current bid, he does not win the item and drops to a zero utility. 
The only interesting case is the second one, where he decides to bid c = 0.333 + e. 

In that case he always wins the item but he pays e more. His expected utility is 

E[uf (c, b_i)] = 1 - 0.333 - e = 0.667 - e 

It can be easily verified now that as long as a < 1.499-e, it holds that Ef-u^ 1 (c, b_i)] < Ef-u^ 1 (b)]. 
To see now what is the price of Anarchy, note that E v [OPT] = 1, whereas 

E v [SW(v, b v )] = a • 0.667 + (1 - a) • 1 = 1 - 0.333a 

For the values we selected for a and e we see that the Bayesian Price of Anarchy is at least 
1.0004. 

Note: It does not make a big difference in this example if we replace 0.667 and 0.333 with 
other numbers. The bound we get is still very close to 1. 
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